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1. INTRODUCTION
w xThe following result was proved in 12 :
``For x G 1, y G 1, 0 - a - b, the following inequality holds:
yxqy xqyb y a x q y a q b
G . 1Ž .x x ž /b y a x 2
Ž .But inequality 1 may not hold for 0 - x - 1 or 0 - y - 1.''
Ž .In this article, we will discuss all the cases of inequality 1 being or not
being valid for all real numbers x, y g R and x / 0, where b ) a ) 0;
Ž .that is, inequality 1 will be refined and extended by analytic methods.
First, we give two simple examples. For x s 3r2 and y s 1r2, inequal-
Ž .ity 1 is valid; that is
1r22 2b y a 4 a q b
G , 2Ž .3r2 3r2 ž /3 2b y a
since this is equivalent to
2 2t y 1 t q 4 t q 1 G 0, 3Ž . Ž . Ž .
'where t ) 0 and t s arb .
Ž .For x s 1r2 and y s 3, inequality 1 reduces to
37r2 7r2b y a a q b
G 7 , 4Ž .1r2 1r2 ž /2b y a
which is equivalent to
2 4 3t y 1 t q 10 t q 6 t q 1 G 0 5Ž . Ž . Ž .
Ž .'for t s arb . Thus, inequality 1 holds for x s 1r2 and y s 3.
Ž .In fact, for x ) 0, y ) 0, inequality 1 can be rewritten as
E x , x q y ; a, b G E 1, 2; a, b , 6Ž . Ž . Ž .
Ž . Žwhere E r, s; x, y is the so-called extended mean values or difference
. w xmeans first defined by Stolarsky 16 as follows:
Ž .1r syrs sr y y x
E r , s ; x , y s ? , rs r y s x y y / 0; 7Ž . Ž . Ž . Ž .r rs y y x
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1rrr r1 y y x
E r , 0; x , y s ? , r x y y / 0; 8Ž . Ž . Ž .
r ln y y ln x
Ž r r .r 1r x yyxx
y1r rE r , r ; x , y s e , r x y y / 0; 9Ž . Ž . Ž .ryž /y
'E 0, 0; x , y s xy , x / y ;Ž .
E r , s ; x , x s x , x s y.Ž .
Define a function g by
y t y x t
g t s g t ; x , y s , t / 0;Ž . Ž .
t 10Ž .
g 0; x , y s ln y y ln x .Ž .
It is easy to see that g can be expressed in integral form as
y
ty1g t ; x , y s u du, t g R, 11Ž . Ž .H
x
and
y nŽn. ty1g t s ln u u du, t g R. 12Ž . Ž . Ž .H
x
w xTherefore, the extended mean values can be represented 14 in terms of
g by
Ž .1r syrg s ; x , yŽ .
E r , s ; x , y s , r y s x y y / 0; 13Ž . Ž . Ž . Ž .ž /g r ; x , yŽ .
gX r ; x , yŽ .r
E r , r ; x , y s exp , x y y / 0. 14Ž . Ž .ž /g r ; x , yŽ .
Most two variable means are special cases of E; for example,
E r , 2 r ; x , y s M x , y power means or Holder means , 15Ž . Ž . Ž . Ž .Èr
E 1, p; x , y s S x , y extended logarithmic means , 16Ž . Ž . Ž . Ž .p
E 1, 1; x , y s I x , y identric or exponential mean , 17Ž . Ž . Ž . Ž .
E 1, 2; x , y s A x , y arithmetic mean , 18Ž . Ž . Ž . Ž .
E 0, 0; x , y s G x , y geometric mean , 19Ž . Ž . Ž . Ž .
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E y2, y1; x , y s H x , y harmonic mean , 20Ž . Ž . Ž . Ž .
E 0, 1; x , y s L x , y logarithmic mean . 21Ž . Ž . Ž . Ž .
Ž . Ž . Ž .Moreover, using the integral forms 11 and 12 of g t , we can verify
w xeasily 13 that
Ž .THEOREM 1. The function g t is absolutely and regularly monotonic on
Ž . Ž . y1the inter¤al y‘, q‘ for y ) x G 1, or on 0, q‘ for y ) x ) 1,
Ž .completely and regularly monotonic on y‘, q‘ for 0 - x - y - 1, or on
Ž . y1 Ž .y‘, 0 for 1 - y - x . Furthermore, g x is absolutely con¤ex on
Ž .y‘, q‘ .
w x Ž .Leach and Sholander 2 showed that E r, s; x, y are increasing with
both r and s, or with both x and y. The monotonicities of E have also
w xbeen researched in 10]14 using different ideas and simpler methods.
w x w xLeach and Sholander 3 and Pales 6 solved the problem of comparisonÂ
of E; that is, they found necessary and sufficient conditions for the
parameters r, s, u, ¤ in order that
E r , s ; a, b F E u , ¤ ; a, b 22Ž . Ž . Ž .
be satisfied for all positive a and b.
LEMMA. Let r, s, u, ¤ be real numbers with r / s, u / ¤ . Then inequality
Ž .22 is satisfied for all a, b ) 0 if and only if
r q s F u q ¤ 23Ž .
and
e r , s F e u , ¤ , 24Ž . Ž . Ž .
where
x y y¡ , for xy ) 0, x / y ,~ ln xryŽ .e x , y s 25Ž . Ž .¢0, for xy s 0,
 4  4if either 0 F min r, s, u, ¤ or max r, s, u, ¤ F 0; and
< < < <x y y
e x , y s for x , y g R, x / y , 26Ž . Ž .
x y y
 4  4if min r, s, u, ¤ - 0 - max r, s, u, ¤ .
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Ž .2. REFINEMENTS AND EXTENSIONS OF INEQUALITY 1
Denote by A and B the sets defined as follows:
y
yA s x , y ‹ x ) 0, y G 0, 2 G 1 q , 2 x q y G 3Ž .½ 5x
j x , y ‹ x - 0, y G 0, x q y G 0, 2 x q y F 3 4Ž .
j x , y ‹ x - 0, y F 0 4Ž .
y
yj x , y ‹ x ) 0, y F 0, x q y G 0, 2 x q y F 3, 2 G 1 q ,Ž .½ 5x
27Ž .
y
yB s x , y ‹ x ) 0, y G 0, 2 F 1 q , 2 x q y F 3Ž .½ 5x
j x , y ‹ x - 0, y G 0, x q y F 0 4Ž .
j x , y ‹ x ) 0, y F 0, x q y F 0, 2 x q y F 3 4Ž .
y
yj x , y ‹ x ) 0, y F 0, 2 x q y G 3, 2 F 1 q . 28Ž . Ž .½ 5x
They can be shown in Fig. 1 and Fig. 2, respectively.
MAIN THEOREM. Let a, b ) 0 be real numbers. Inequality
yxqy xqyb y a x q y a q b
G 29Ž .x x ž /b y a x 2
Ž . Ž .is ¤alid if and only if x, y g A; inequality 29 re¤erses if and only if
Ž .x, y g B.
Ž .Proof. For y s 0 or x q y s 0, the equality in 29 holds. Replacing r
Ž .by x, s by x q y, u by 1, and ¤ by 2 in the lemma, then, for xy x q y / 0,
Ž .inequality 29 is equivalent to
E x , x q y ; a, b G E 1, 2; a, b , if xy x q y ) 0, 30aŽ . Ž . Ž . Ž .
and
E x , x q y ; a, b F E 1, 2; a, b , if xy x q y - 0. 30bŽ . Ž . Ž . Ž .
Since
 4max x , x q y , 1, 2 ) 0 31Ž .
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FIG. 1. Set A.
for x, y g R, and
 4min x , x q y , 1, 2 ) 0 32Ž .
for x ) 0 and x q y ) 0, or
 4min x , x q y , 1, 2 - 0 33Ž .
for x - 0 or x q y - 0; hence we have
y 1
e x , x q y s and e 1, 2 s 34Ž . Ž . Ž .
ln 1 q yrx ln 2Ž .
for x ) 0 and x q y ) 0, and
< < < <x y x q y
e x , x q y s and e 1, 2 s 1 35Ž . Ž . Ž .
x y y
for x - 0 and x q y - 0.
Ž .If x ) 0, y ) 0, and x q y ) 0, inequality 29 is equivalent to inequal-
Ž . Ž . Ž .ity 30a . Condition 23 gives 2 x q y ) 3, and condition 24 gives us
Ž . yyrln 1 q yrx G 1rln 2, which is equivalent to 2 G 1 q yrx.
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FIG. 2. Set B.
By the same arguments, using the lemma, for all possibilities of signs for
x, y, and x q y, we can prove the remaining cases of the main theorem.
The proof is complete.
3. RECENT DEVELOPMENTS
w x w xIn 7 and 8 , the second author established the concept of generalized
Ž .weighted mean values M r, s; x, y which are defined byp, f
Ž .1r syry sH p u f u duŽ . Ž .x
M r , s ; x , y s ,Ž .p , f y rž /H p u f u duŽ . Ž .x
r y s x y y / 0; 36Ž . Ž . Ž .
H yp u f r u ln f u duŽ . Ž . Ž .x
M r , r ; x , y s exp , x y y / 0; 37Ž . Ž .p , f y rž /H p u f u duŽ . Ž .x
M r , s ; x , x s f x ,Ž . Ž .p , f
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Ž .where x, y, r, s g R, p u k 0 is a nonnegative and integrable function,
Ž .and f u is a positive and integrable function on the interval between x
and y.
w x Ž .It was shown in 7 that M r, s; x, y increases with both r and s, andp, f
has the same monotonicities as f in both x and y. The sufficient
conditions in order that
M r , s ; x , y G M r , s ; x , y , 38Ž . Ž . Ž .p , f p , f1 2
M r , s ; x , y G M r , s ; x , y 39Ž . Ž . Ž .p , f p , f1 2
w xwere also given in 7 .
Ž . Ž .It is clear that E r, s; x, y is a special case of M r y 1, s y 1; x, yp, f
Ž . Ž . Ž . w r xŽ .applied to p u ’ 1, f u s u, and M r, 0; x, y s M f ; p; x, y , whichp, f
w x w xis called 1, 4 the weighted mean of order r of the function f on x, y
with weight p.
w xFurthermore, the second author 9 established the definition of general-
ized weighted abstracted means as follows.
DEFINITION. Let p be a defined, positive, and integrable function on
w xx, y , x, y g R, let f and f be real-valued functions, and let the ratio1 2
w x w xf rf be monotone on the interval a , b ; let g be defined on x, y and1 2
w x w xvalued on a , b ; and let f ( g be integrable on x, y for i s 1, 2. Thei
Ž .generalized weighted abstracted means M p; g ; f , f ; x, y of function g1 2
with respect to functions f and f and with weight p are defined as1 2
y1 yf H p t f g t dtŽ . Ž .Ž .1 x 1
M p; g ; f , f ; x , y s , 40Ž . Ž .1 2 yž / ž /f H p t f g t dtŽ . Ž .Ž .2 x 2
Ž .y1where f rf is the inverse function of f rf .1 2 1 2
We researched their basic properties and proved their monotonicities.
Moreover, the logarithmic convexities of the extended mean values
Ž . w xE r, s; x, y are verified in 9 ; that is
Ž .THEOREM 2. The extended mean ¤alues E r, s; x, y are logarithmically
Ž .conca¤e on 0, q‘ with respect to either r or s, respecti¤ely, and are
Ž .logarithmically con¤ex on y‘, 0 with respect to either r or s, respecti¤ely.
w xRemark 1. The background and motivation for the paper 7 are to be
w x w x w x w xfound in the context of 1 , 4 , 5 , 7 , and so on. These authors considered
Ž . w r xŽ .the quantities of the extended mean values E r, s; x, y or M f ; p; x, y ,
and the like, special cases of which coincide with the classical arithmetic,
geometric, and harmonic means, and the less classical ``identric'' and
``logarithmic'' means. One of the principal objectives was to show that
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Ž .E r, s; x, y increase both with r and with s. As a special case, one then
has relationships between all the other means just mentioned, some of
which had been regarded as quite hard problems in their own right.
w xIn 7 the author sought to generalize these works in an entirely natural
ty1 Ž .way: the function u used in defining E r, s; x, y is replaced by a
tŽ . Ž .general function f u , and a further weighting function p u is intro-
duced. This leads to the definition of generalized weighted mean values
Ž .M r, s; x, y . Provided that f is increasing or decreasing, the earlierp, f
result on variation with r and s is found to extend to this case. Further,
monotonic behaviour is established when any of x, y, p, f are varied.
Moreover, the mean values and their monotonicities or convexities are
closely linked to absolutely monotonic and completely monotonic func-
w x w x w x w xtions; for details, please refer to 7 , 8 , 12 , and 13 . Maybe this is an
w x w ximportant work. In 5 and 17 there are good treatments of completely
monotonic and absolutely monotonic functions, and so on. The approach
w xtaken in 7 does give a single method of dealing with quite a few means.
w xRemark 2. We think that the meanings of the paper 12 lie not only in
its establishing two inequalities which are simple consequences of the
monotonicities of the extended mean values first defined by Stolarsky, but
also in its implying a new method of proving the monotonicities of the
w xextended mean values, which were verified in 2 , and especially in its
giving hints of some new ideas or viewpoints generalizing the concepts of
w xmeans and proving their monotonicities. Moreover, the papers 12 and
w x13 pointed out the relationships between means and absolutely or com-
pletely monotonic functions.
Remark 3. By the way, it is pointed out that the words ``may not'' were
w xexpressed mistakenly as ``does not'' in 12 .
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